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We now describe the convergence of the algo-
rithm for kernelized M3L [2]. It closely follows
the proof of convergence of SMO [3].

1 Notation

We denote vectors in bold small letters, for ex-
ample v. If v is a vector of dimension d, then
vk, k € {1,...,d} is the kth component of v, and
vr,I C {1,...,d} denotes the vector with com-
ponents v, k € I (with the vg’s arranged in the
same order as in v). Similarly, matrices will be
written in bold capital letters, for example A. If
A is an m X n matrix, then A;; represents the
ijth entry of A, and Aj; represents the matrix
with entries A;;,7 € 1,5 € J.

A sequence is denoted as {a"}, and a" is the
nth element of this sequence. If @ is a limit point
of the sequence, we write a”™ — a.

2 The Optimization Problem
The dual that we are trying to solve is:

L L L
t1 _ t
mngEall QE;lealYlKYkak(l)

s.t

0<a<(C1

where oy = [aqy, ... ani], Y = diag([y1; - - - yni))
and K = ¢(X)'¢(X). Making the substitution
0i = 2y, we get the following optimization
problem:
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max S baya — % YD bRk ;(2)

i=1 =1 i=1 j=1 k=1 I=1
S.t
0< 0 <2C Vi kstyg>0
—20 <0 <0 Vi, k sty <0

This can be written as the following optimiza-
tion problem:
Problem:

max f(8) = —%OtQH +y'0 (3)

s.t
1<0<u

Here the vector @ = [011...6011,001,...0nL]",
y=[yl...y4] and Q = K ® R where ® is the
Kronecker product. 1 and u are N L- dimensional
vectors with entries:

_ 0 ify, >0

lik = { —2C ifyp <0 (4)
o 2C if y; >0

Uik = { 0 if yr <0 (5)



3 The algorithm

We will prove the convergence result for the al-
gorithm given in Algorithm 1. We start with
0! = 0, and generate a sequence of vectors 0",
where 0" is the vector after the (n — 1)th it-
eration. The gradient V f(0"), denoted by g",
is stored. The projected gradient V¥ f(8"), de-
noted by g", is computed from the gradient on
the fly. 7 > 0 is a user-defined parameter that
determines when we stop. The algorithm termi-
nates when all projected gradients are less than
T.

We assume that R and K are both positive
definite matrices. The eigenvalues of Q are then
Aiptj, where \; are the eigenvalues of K and p;
are the eigenvalues of R. Because all eigenval-
ues of both R and K are positive, so are the
eigenvalues of Q and thus Q is positive defi-
nite. Therefore, using Lemma 8 (refer to Ap-
pendix A), we have that @ is optimal iff @ is
feasible and V¥ f(8) = 0.

Our algorithm will not reach an exact solution,
and therefore the KKT conditions will not be
satisfied exactly. Call a (feasible) solution 6 7-
optimal if the KKT conditions are satisfied to a
precision of 7, i.e, | VL f(0) |< 7 for each i, k.
Then our algorithm terminates when it reaches
a 7-optimal solution. Lemma 10 in Appendix
A shows that by making 7 arbitrarily close to
0, we can make our solution arbitrarily close to
the optimum. In the following sections we will
show that our algorithm will reach the 7-optimal
solution in a finite number of steps.

4 Convergence

In this section we prove that the sequence of vec-
tors 8™ converges.

Algorithm 1 Our algorithm
O, — 0 Vi, k
repeat
Pick i, k such that g; |[> 7
if 3 7 such that Kz‘j 75 \/K“'ij and f]jk #0
then
Pick one such j.
Optimize w.r.t 0;, and 0}

else
Optimize w.r.t 0,
end if.
Update g;x Vi, k
until | g, |< 7 Vi, k

Note the following:

e In each iteration of the algorithm, we op-
timize over a set of variables, which may
either be a single variable 0;; or a pair of
variables {0;1, 0}

e The projected gradient of all the chosen
variables is non zero at the start of the iter-
ation.

e At least one of the chosen variables has pro-
jected gradient with magnitude greater than
T.

Consider the nth iteration. Denote by B the
set of indices of the variables chosen: B =
{(i,k)} or B = {(i,k), (j,k)}. Without loss of
generality, reorder variables so that the variables
in B occupy the first few indices. In the nth iter-
ation, we optimize f over the variables in B keep-
ing the rest of the variables constant. Thus we
have to maximize h(Apg) = f(0™ + [Al;, 0]') —
f£(0™). This amounts to solving the optimization



problem:

1
max h(Ag) = —iAtBQBBAB — AL(Q0")5

+y5Ag (6)

s.t
lg —0p < Ap <up—-0p

Assuming that R, > 0 Vk and K; > 0Vi, Qpp
is positive definite. This can be seen as follows.
B has either one or two elements. In the first
case, B = {(i,k)} and Qpp = RyxKi; > 0 and
hence Qpp is positive definite. In the second
case, suppose B = {(i,k), (j,k)}. The matrix
KRy Kij Rk
KijRyr KjjRyk
KZQJ # K;;K;; (refer Algorithm 1) we have that
Qpp must be positive definite.

Hence by Lemma 8 in Appendix A, A% opti-
mizes (6) iff it is feasible and

Qpp is given by . Because

VPh(AL) =0 (7)

Then we have that "1 = 6" + A*, where
A* = [A% 0')'. Now note that since gl =
—(Q0")5 +y5

1
h(Ag) = —iAtBQBBAB +ALgh  (8)

= Vh(Ap) = —QppAp + 85 (9)

Also,

gl =—(Qo" s +yB
=—(Q(0"+ A%, 0])p+y5

(10)

= g =g — QppAj = Vh(AR) (11)

Then (11) means that:
g5 =V h(Aj) (12)
Using (7)
gx =V h(Ap) =0 (13)

This leads us to the following lemma:

Lemma 1. Let 8™ be the solution at the start
of the nth iteration. Let B be the set of indices
of the variables over which we optimize. Let the
updated solution be "', Then

1. g5ttt =0
2. 9"t £ gn
3. If L < 0?;1 < u; then g;.‘,:rl =0
V(j,k) € B
Proof. 1. This follows directly from (13).

2. If "t = 6", then A% = 0 and so, from

(11), g%ﬂ = Vh(0) = g% . This means
that from (13) g% = g5 = 0. But this

is a contradiction since we required that all
variables in the chosen set have non zero
projected gradient before the start of the
iteration.

3. Since the final projected gradients are 0 for
all variables in the chosen set (from (13)), if
Li < 9%‘1 < uj), then g?,jl =0V(j,k) € B

O

Lemma 2. In the same setup as the previous
lemma, f(0"1) — £(6") > o/ — 0|2, for
some fixed o > 0.



Proof.
F0") — f(6") = h(A%)

1 *
= AYQEA} + Algh(14)
where A% is the optimum solution of Problem

(6). Now, note that since A% is feasible and 0 is
feasible, we have, using Lemma 9 in Appendix A,

AUVI(AY) >0 (15)
= — A% QBBAB+A gB>0 (16)
QBBA* < ABgB (17)

This gives us that

1
—§A 5QpsAL +gH AR > ABQBBAB (18)

S (O~ £(0") > S ARQusAy (19)
= FO") ~ f(07) > vp g AFAL (20)

where vg is the minimum eigenvalue of the ma-
trix Qpgp. Since Qpgp is positive definite al-
ways, this value is always greater than zero,
and bounded below by the minimum eigenvalue
among all 2 x 2 positive definite submatrices of
Q. Thus
FO") = 1(07) = oA A
=ollo" —6"|*  (21)

for some fixed o > 0. O

Theorem 1. The sequence {0™} generated by
Algorithm 1 converges.

Proof. From Lemma 2, we have that
f(O" ) — f(6™) >0 Thus the sequence
{f(6™)} is monotonically increasing. Since it is
bounded from above (by the optimum value) it
must converge. Since convergent sequences are
Cauchy, this sequence is also Cauchy. Thus for
every €, Ing s.t f(O"T) — £(0™) < oe® Vn > ng.
Again using Lemma 2, we get that

”en—‘rl _ 0n||2 < 62 (22)
for every n > ng. Hence the sequence {0"} is
Cauchy. The feasible set of 8 is closed and com-
pact, so Cauchy sequences are also convergent.

Hence {0"} converges. O

5 Finite termination

We have shown that {6™} converges. Let 6 be a
limit point of {8"}. We will start from the as-
sumption that the algorithm runs for an infinite
number of iterations and then prove a contradic-
tion.

Call the variable 6;; as T-violating if the mag-
nitude of the projected gradient g;. is greater
than 7. Note that at every iteration, the chosen
set of variables contains at least one that is 7-
violating. Now suppose the algorithm runs for
an infinite number of iterations. Then it means
that the sequence of iterates 8% contains an infi-
nite number of 7-violating variables. Since there
are only a finite number of distinct variables, we
have that at least one variable figures as a 7-
violating variable in the chosen set B an infi-
nite number of times. Suppose that 6 is one
such variable, and let {k;} be the subsequence
in which this variable is chosen as a T-violating
variable.

Lemma 3. For s.t

| Hlerl GZH 1< e

e

every €

ki > kY.



Proof. We have that since ok — 9, ki — 9,
and @%+1 — @. Thus, for any given € 3 k) such
that

| O0h — 0y |<e/2  Vhky >k (23)

(05 =0 |<e/2 Vha+1> kG (24)

This gives, by triangle inequality,

|ohtt gkt < e Vhy > K (25)

O]

Lemma 4. | gy |> 7, where g;; is the derivative
of f w.r.t8; at 8.

Proof. This is simply because of the fact that
| gfl” |> 7 for every k;;, and the absolute value of
the derivative w.r.t 6;; is a continuous function

of , and 6% — 6. O

We use some notation. If Hfl“ € (lij,uy) and
if HZ”H = [; or GZ“H = w;;, then we say that
“k; is int — bd”, where “int” stands for interior
and “bd” stands for boundary. Similar interpre-
tations are assumed for “bd — bd” and “int —
Thus each iteration k;; can be of one of
only four possible kinds: int — int,int — bd, bd
— int and bd — bd. We will prove that each of
these kinds of iterations can only occur a finite
number of times.

int”.

Lemma 5. There can be only a finite number of
it — int and bd — int transitions.

Proof. Suppose not. Then we can construct
an infinite subsequence {s;} of the sequence

{ki} that consists of these transitions. Then we

have that gfl”ﬂ = 0, using Lemma 1. Hence
gfl“H — 0. Since the gradient is a continuous

function of 8, and since 8! — @, we have that

gfl“H — giy- But this means g; = 0, which con-
tradicts Lemma 4. ]

Lemma 6. There can be only a finite number of
it — bd transitions.

Proof. Suppose that we have completed suffi-
cient number of iterations so that all int — int
and bd — int transitions have completed. The
next int — bd transition will place 6;; on the
boundary. Since there are no bd — int tran-
sitions anymore, #; will stay on the boundary
henceforth. Hence there can be no more int —
bd transitions. O

Lemma 7. There can only be a finite number of
bd — bd transitions.

Proof. Suppose not, i.e there are an infinite num-
ber of bd — bd transitions. Let ¢;; be the subse-
quence of k;; consisting of bd — bd transitions.
Now, the sequence 9;“ — 6; and is therefore
Cauchy. Hence dny s.t

’ 9:111 - Hz?lilJrl ’S € << uy — Vit > n(26)

Similarly, because the gradient is a continuous
function of 6, the sequence {gfgl} is convergent
and therefore Cauchy. Hence dns s.t

tia+1

— Y Vky >na  (27)

t; T
| gill ‘S 5

Also, from the previous lemmas, dng s.t t;; is not
int — int, bd — int or int — bd Vt;; > ns.
Take ng = max(nq,ne,n3). Now, consider
ti > ng. Without loss of generality, assume that
Gfl“ = l;. Then, since | gf;l |> 7, we must have
that gfl“ > 7. From (26), and using the fact that
this is a bd — bd transition, we must have that

05 =l (28)
From (27), we have that
gttt > 2 (29)

-2
From (28) and (29), we have that gleﬂ >

-
29
which contradicts Lemma 1. O



But if all int — int, int — bd, bd — int and
bd — bd transitions are finite, then 6;; cannot
be 7-violating an infinite number of times and
hence we have a contradiction. This gives us the
following theorem:

Theorem 2. Algorithm 1 terminates in finite
number of steps

A Optimality conditions

This section proves three results on quadratic
programs that have been used in the proof above.
Consider the optimization problem:

1
max —ixtHx + p'x (30)

X

s.t
1<x<u

The feasible set of the above problem is defined
by box constraints and is therefore convex. If
the Hessian H is positive definite, then this op-
timization problem will be convex. The gradient
of f is denoted as Vf. The projected gradient
of f, denoted as V' f is given by:

sz(x) if li < x; < U
max(0,V;f(x)) ifx; =1 (31)
min(O, sz(x)) if Ty = Uy

Vif(x) =

Lemma 8. Consider the optimization problem
(30). Suppose H is positive definite. Then, X is
optimum, for (30) iff

1. x is feasible

2. VPf(x)=0 Vi

Proof. First let’s write it as a minimization prob-
lem:

min h(x) = —f(x)

X

(32)
s.t
1<x<u

The positive definiteness of H and the fact
that the constraints are box constraints imply
that the problem is convex. Because the prob-
lem is convex, and because strong duality holds,
a point x is optimal iff the KKT conditions hold
at x. The Lagrangian of the above problem is:

L(x,a,b) = h(x) +a'(1 - x) + b’(x — u)33)

The KKT conditions are then:

Vil = Vh(x) —a+b=0 (34)
bl(ul — l‘z) =0 (36)
a>0 (37)
b>0 (38)
I1<x<u (39)

From (34), (35) and (36), we get that:

oh
=a; —b; ' 4
oz, (x)=a; =0 Vi (40)
oh 0 ifli<:vi<ui
= P (X) = a; >0 if li:xi Vi(41)
i —biSO ifl‘i:ui



0 ifli<xi<ui

i biZO ifxz-:ui
= VPfx)=0 Wi (43)
Conversely, suppose VPf( ) = 0 and x is
feasible. Taking a; = max (2% 52 (x),0) and b; =
— min( g5, Oh “(x),0), we have that
li < xy <y (44)
oh
= 4
> 2 =0 (15)
:>ai:0and bZ:O (46)
oh of
= 4
Tw=-tlezo @y
=a; >0and b; =0 (49)
Ty = Uy (50)
Oh of
pu— 1
L =—pi<0 ()
=a;=0and b; >0 (52)

Thus (34), (35), (36), (37) and (38) are satisfied
by this choice of a and b. Thus the KKT condi-
tions are equivalent to the following conditions,
which are therefore necessary and sufficient for
X to be optimal:

(53)
(54)
O

Lemma 9. Consider the optimization problem
(30). Suppose H is positive definite. If x* is
optimal, and x # x* is feasible, then (x* —

x)'Vf(x*) = 0

Proof. Because the feasible set is convex and be-
cause both x and x* are feasible, we have that
x(A) = x+ A\(x* —x) is feasible for all A € [0, 1].
Consider the optimization problem:

max f(x(})) = f(x) (55)
s.t
0<A<1

From a Taylor series expansion, it can be seen
that

2
FN) ~ Fx) = o (" =30 H(x" —x)
A —X)IVF(X)  (56)

Since H is positive definite,(x* — x)'H(x* —x) >
0. Hence, the problem (55) satisfies the condi-
tions of Lemma 8. Also, because x* is optimal
for (30), A = 1 is optimal for (55). Hence, by
Lemma 8, the projected gradient of (55) at A =1
is 0. This means that

0f(x(N)
~on - >0 (57)
This gives, using the chain rule
(x—=x")'Vf(x()| =20 (58)
A=1
= (x* —x)'Vf(x*) >0 (59)

where the last step uses the fact that x(1) =
x*. O



Lemma 10. Consider the optimization problem
(30). Suppose H is positive definite. If x is fea-
sible and | VL f(x) |< 7, and if f* is the optimal
value, then

d27_2

2m

fr=flx) <

(60)

where d is the dimensionality of x and m is the
least eigenvalue of H.

Proof. This proof is the extension of the proof
in [1, p. 459]. Again, take h = —f and define
the Lagrangian. Then, for the given x, we can
define

Oh

b1 = max( (x).0) (61)
AN wTT W
by = = min( (), 0) (63)
b = { bo fu? =7 (64)

Then, equations (35), (36), (37) and (38) are
satisfied by this choice of a and b . Equations
(35) and (36) mean that this choice of a and b
satisfies:

h(x) = L(x,a,b) (65)

(34) is only satisfied to a precision of 7, which
means that

HvXﬁ(X7 a, b) || S dT (66)

Also note that:

h* = —f* = maxmin L(x, a, b)
ab x
> min £(x,a,b)
= £(x%a,b) (67)
for some x°.
Hence,
h(x) — h* < h(x) — L(x",a, b) (68)

= h(x) — h* < L(x,a,b) — L(x,a,b) (69)

Using a Taylor series expansion of g(x) =
L(x,a,b) we see that:

9") ~ g0x) = (" ~ %) Tg(x)
5 = %)) (<0 — %) (70)

The Hessian V2g(x) is nothing but H. The
quantity (x0—x)!'V2g(x)(x"—x) is lowerbounded
by m||x® —x||?, m > 0 being the least eigenvalue
of H. Hence,

9(x") = g(x) > (< =)' Vg(x) + T [x* = x|*(71)

The right hand side is a convex function of x° for
fixed x. Setting the gradient = 0, we find that
the right hand side attains its minimum value of
— || Vg(x)||* at x° = x — L Vg(x). Thus,

1
0y — P —— 2 72
90%) —gx) = 5 IVg)IP (72)
Combining (66), (69) and (72), and noting
that f = —h and g(x) = L(x,a,b) we get the
desired inequality. O
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